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Abstract An improved adaptation of the well-known
homotopy analysis method (HAM) is proposed to approx-
imate the solutions of strongly nonlinear differential
problems in terms of a rapidly convergent series. The
proposed method involves simpler integrals and less
computations than the standard HAM. The method is
illustrated using different numerical examples. The com-
parative analysis confirms the applicability and efficiency
of the proposed technique.
Keywords Homotopy analysis method  Improved
adaptation  Series solution
Introduction
Liao [1] proposed an approximate analytical technique
namely homotopy analysis method (HAM) built on the
concept of homotopy for the solutions of nonlinear dif-
ferential equations. The homotopy analysis is not only an
efficient method to solve highly nonlinear differential
equation problems but also allows great freedom to choose
the initial approximation and is highly flexible in many
respects so that it might overcome restrictions of pertur-
bation techniques and other non-perturbation methods. The
great freedom and flexibility of the HAM has inspired
many mathematicians to attack HAM in search of better
numerical techniques. Marinca and Herisanu [2] proposed
optimal homotopy asymptotic method to investigate the
solutions of nonlinear equations arising in heat transfer.
Motsa et al. [3] introduced a new spectral-homotopy
analysis method for solving a nonlinear second order BVP.
Homotopy analysis method has been successfully applied
to investigate the solutions of integral equations [4].
Abbasbandy and Shivanian [5] proposed predictor homo-
topy analysis method (PHAM) to predict the multiplicity of
the solutions of some nonlinear boundary value problems.
Shivanian et al. [6] used PHAM to study a case of
boundary layer flows. They proved the existence of mul-
tiple solutions and also calculated the approximate solu-
tions. Vosoughi et al. [7] also used PHAM to obtain two
approximate solutions in a study of nonlinear reactive
transport model. Abbasbandy et al. [8] studied the role of
convergence-control parameter in homotopy analysis
method. Motsa et al. [9] proposed an improved spectral
homotopy analysis method for MHD flow in a semi-porous
channel. Shaban et al. [10] proposed a Tau modification of
the homotopy analysis method to study the magneto-hy-
drodynamic squeezing flow between two parallel disks
with suction or injection. Shivanian and Abbasbandy [11]
discussed PHAM for two points second order boundary
value problems. Homotopy analysis method has been
applied in a study of combined conduction–convection–
radiation heat transfer [12]. Odibat and Bataineh con-
structed homotopy polynomials by introducing an adapta-
tion of HAM [13]. In the present paper, an improved
adaptation of homotopy analysis method is proposed for
the numerical solution of differential equations.
Higher order boundary value problems are studied due
to their mathematical importance and applications in dif-
ferent physical phenomena. Mathematical modeling of
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equation [14]. Ninth order boundary value problems also
arise in the study of of astrophysics, hydrodynamic, and
hydromagnetic stability [15, 16]. The study of hydrody-
namic and hydromagnetic stability also involves eighth and
tenth order boundary value problems [17]. The mathe-
matical importance of boundary value problems of higher
order motivates to study different mathematical techniques
to obtain the solutions of these problems. Siddiqi and
Twizell [18–21] presented the solutions of 6th, 8th, 10th,
and 12th order boundary value problems using 6th, 8th,
10th, and 12th degree splines, respectively. Inc and Evans
[22] used Adomian decomposition method to approximate
solutions of eighth order boundary value problems. Siddiqi
and Akram [23–27] presented the solutions of 5th, 6th, 8th,
10th, and 12th order boundary value problems using non-
polynomial spline techniques. Hassan and Erturk [28]
applied differential transformation method to obtain the
solution of some linear and nonlinear higher order
boundary value problems. Siddiqi and Iftikhar [29] used
the variational iteration method to approximate the solution
of seventh order boundary value problems in terms of a
convergent series. Hakeemullah et al. [30] used the optimal
homotopy asymptotic method (OHAM) for approximating
the solution of modified Kawahara equations. The pro-
posed method is numerically illustrated for the solutions of
different higher order boundary value problems.
Viswanadham and Ballem [31] used Galerkin method with
septic B-splines to approximate the solution of tenth order
boundary value problems.
Homotopy analysis method
Homotopy analysis method is an analytical technique
which can be used to compute the solutions of linear and
nonlinear differential equations. The solution is obtained in
terms of a convergent series. Consider a nonlinear differ-
ential equation
N½yðxÞ ¼ 0; x 2 H; ð1Þ
where N is a nonlinear operator, x is an independent vari-
able, y(x) is an unknown function, and H is the interval of
domain. A homotopy Y(x, p) can be constructed with an
embedding parameter p 2 ½0; 1 by
ð1 pÞL½Yðx;pÞ y0ðxÞ phHðxÞN½Yðx;p ¼ 0; x2H;
ð2Þ
where h is auxiliary parameter, H(x) is an auxiliary func-
tion, and L is auxiliary linear operator. The homotopy
analysis allows great freedom to select h, H(x), and L. Also
there is larger freedom to choose the initial approximation
y0ðxÞ. For suitable selection, the unknown function Y(x, p)
can be determined. Moreover, the mth-order derivative of
y0ðxÞ with respect to the embedding parameter exists at
p¼ 0 for all positive integral values of m. This quantity is
the so-called mth-order deformation derivative. Applica-
tion of Taylor’s theorem gives the series expansion of
Y(x, p) as




where ymðxÞ is obtained by dividing the mth-order defor-
mation derivative by m!. For suitably chosen H(x), h, L,
and y0ðxÞ, the series converges to y(x) at p ¼ 1. Moreover,
ymðxÞ;m ¼ 1; 2; 3; . . . can be calculated using the mth-order
deformation equation
L½ymðxÞ  vmym1ðxÞ  hHðxÞRmðym1Þ ¼ 0;

















An improved adaptation of homotopy analysis
method
Recently, Odibat and Bataineh [13] have presented an
adaptation of homotopy analysis method for solving
strongly nonlinear problems. The technique not only
reduces the number of terms involved in each iteration but
also overcomes the difficulty faced in solving complicated
Table 1 Numerical results for Example 1
x Exact solution Approximate solution Absolute error
0.0 1.000000 1.000000 0.000000
0.1 0.814354 0.814354 3:648192 1011
0.2 0.654985 0.654985 6:893886 1010
0.3 0.518573 0.518573 2:896354 109
0.4 0.402192 0.402192 6:203250 109
0.5 0.303265 0.303265 8:573576 109
0.6 0.219525 0.219525 8:182360 109
0.7 0.148976 0.148976 5:222692 109
0.8 0.089866 0.089866 1:870414 109
0.9 0.040657 0.040657 1:950906 1010
1.0 0.000000 1:524790 1015 1:524790 1015
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integrals. The adaptation is based on the assumption that
the nonlinear operator N can be expressed as a power series
in the dependent variable. The method can be easily
implemented on equations of the form
NðyÞ ¼ f ðyÞ
but needs some extra calculation for equations of the form
NðyÞ ¼ f ðx; yÞ:
In the present paper, the adaptation is improved to oblit-
erate the need for extra calculations. The improved adap-
tation is based on the assumption that a power series






where ci’s are real numbers. Using the fact that HAM






The modified homotopy Y^ðx; pÞ can be constructed with an











ipi ¼ 0; x 2 H;
ð8Þ
where h is auxiliary parameter, H(x) is an auxiliary func-
tion, and L is auxiliary linear operator. The first few
modified higher order deformation equations are expressed
as
L½y1ðxÞ ¼ hHðxÞc0;
L½y2ðxÞ ¼ L½y1ðxÞ þ hHðxÞc1y0;
L½y3ðxÞ ¼ L½y2ðxÞ þ hHðxÞðc1y1 þ c2y20Þ;




In the next section, the proposed method is numerically
illustrated using different linear and nonlinear higher order
boundary value problems.
Numerical examples
Example 1 For x 2 ½0; 1, the following ninth order non-
linear boundary value problem is considered
yð9ÞðxÞ  yðxÞy0ðxÞ ¼ e2xð2þ exðx 10Þ  3xþ x2Þ;
yð0Þ ¼ 1; yð1Þ ¼ 0;
y0ð0Þ ¼ 2; y0ð1Þ ¼ e1;
y00ð0Þ ¼ 3; y00ð1Þ ¼ 2e1;






The analytic solution of this differential system is
yðxÞ ¼ ð1 xÞex:
Fig. 1 Comparison of exact solution (solid line) and approximate
solution (dashed line) for Example 1
Fig. 2 Absolute errors for Example 1
Table 2 Numerical results for Example 2
x Exact solution Approximate solution Absolute error
0.0 1.000000 1.000000 0.000000
0.1 0.994654 0.994654 7:527856 1011
0.2 0.977122 0.977122 1:566206 109
0.3 0.944901 0.944901 7:256635 109
0.4 0.895095 0.895095 1:717163 108
0.5 0.824361 0.824361 2:627787 108
0.6 0.728848 0.728848 2:783580 108
0.7 0.604126 0.604126 1:977577 108
0.8 0.445108 0.445108 7:908433 109
0.9 0.245960 0.245960 9:245274 1010
1.0 0.000000 1:421085 1014 1:421085 1014
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According to basic assumption of HAM, the initial
approximation is chosen as
y0ðxÞ ¼ 1
24e
ð24e 48exþ 36ex2  16ex3 þ 5ex4 þ 660x5
 244ex5  1788x6 þ 658ex6
þ 1620x7  596ex7  492x8 þ 181x8Þ:
ð10Þ
The first, second, and third order deformation equations are
obtained as
L½y1ðxÞ ¼ 10hHðxÞ;
L½y2ðxÞ ¼ L½y1ðxÞ  11hHðxÞy0;




Solving these differential equations for y1ðxÞ, y2ðxÞ and
y3ðxÞ, the third order approximation to the solution is cal-
culated. Here, the auxiliary function H(x) is taken as
HðxÞ ¼ 1 and the linear operator is chosen to be the
homogeneous part of the nonlinear operator N.
Table 1 shows the approximate solution and corre-
sponding absolute error values using the proposed method
for h ¼ 0:2. The comparison of the exact solution and the
approximate solution is shown in Fig. 1 and the graph of
absolute errors over the interval of domain is shown in
Fig. 2.
Example 2 The following ninth order linear boundary
value problem is considered, as
yð9ÞðxÞ  yðxÞ ¼ 9ex; x 2 ½0; 1
yð0Þ ¼ 1; yð1Þ ¼ 0;
y0ð0Þ ¼ 0; y0ð1Þ ¼ e;
y00ð0Þ ¼ 1; y00ð1Þ ¼ 2e;






The analytic solution of this differential system is
yðxÞ ¼ ð1 xÞex:
The initial approximation is calculated using the standard
HAM, as





















First, second, and third order deformation equations are
obtained, as
L½y1ðxÞ ¼ 8hHðxÞ;
L½y2ðxÞ ¼ L½y1ðxÞ þ 9hHðxÞy0;




Table 3 Comparison of
maximum absolute error with
DTM
DTM [28] Proposed method
3:0 107 2:8 108
Table 4 Numerical results for Example 3
x Exact solution Approximate solution Absolute error
0.0 0.000000 0.000000 0.000000
0.1 0.009983 0.009983 1:565661 1011
0.2 0.039734 0.039734 3:442625 1010
0.3 0.088656 0.088656 1:670801 109
0.4 0.155767 0.155767 4:110871 109
0.5 0.239713 0.239713 6:500192 109
0.6 0.338785 0.338785 7:076563 109
0.7 0.450952 0.450952 5:142951 109
0.8 0.573885 0.573885 2:095353 109
0.9 0.704994 0.704994 2:486530 1010
1.0 0.841471 0.841471 5:107026 1015
Table 5 Numerical results for Example 4
x Exact solution Approximate solution Absolute error
0.0 0.000000 0.000000 0.000000
0.1 0.099465 0.099465 2:339568 108
0.2 0.195424 0.195424 1:940541 107
0.3 0.283470 0.283470 4:492431 107
0.4 0.358038 0.358038 5:339237 107
0.5 0.412180 0.412180 3:341755 107
0.6 0.437309 0.437309 1:488507 108
0.7 0.422888 0.422888 1:607205 107
0.8 0.356087 0.356087 1:154905 107
0.9 0.221364 0.221364 1:815175 108
1.0 0.000000 7:105464 1015 7:105464 1015
Table 6 Comparison of maximum absolute errors
Inc and Evans [22] Proposed method
1:83 104 5:3 107
58 Math Sci (2017) 11:55–62
123
The third order approximation to the solution is calculated
by solving these differential equations for y1ðxÞ, y2ðxÞ and
y3ðxÞ. Here, the auxiliary function H(x) is taken as
HðxÞ ¼ 1. For this choice of function, higher accuracy can
be achieved without having to go to higher order of
approximation. The linear operator is chosen to be the
homogeneous part of the nonlinear operator N. The
approximate solution and corresponding absolute error
values, for h ¼ 0:2, are summarized in Table 2.
Table 3 shows that the proposed method gives better
results than differential transformation method [28].
Example 3 The following ninth order nonlinear boundary
value problem is considered as
yð9ÞðxÞeyðxÞ ¼ 0; x 2 ½0; 1;
yð0Þ ¼ 0; yð1Þ ¼ sinð1Þ;
y0ð0Þ ¼ 0; y0ð1Þ ¼ cosð1Þ þ sinð1Þ;
y00ð0Þ ¼ 2; y00ð1Þ ¼ 2 cosð1Þ  sinð1Þþ;






The analytic solution of this differential system is
yðxÞ ¼ x sinðxÞ:
The initial approximation is calculated according to the
standard HAM, as





x6ð264þ 231 cosð1Þ  462 sinð1ÞÞ
þ 1
6
x8ð59þ 59 cosð1Þ  108 sinð1ÞÞ
þ 1
6
x5ð116 89 cosð1Þ þ 195 sinð1ÞÞ
þ 1
6
x7ð212 201 cosð1Þ þ 381 sinð1ÞÞ:
ð14Þ
The third order approximation to the exact solution is
calculated using the improved adaptation proposed in the
present paper. The approximate solution values and cor-
responding absolute errors are shown in Table 4.
The auxiliary function H(x) is taken as HðxÞ ¼ 1. The
linear operator is chosen to be the homogeneous part of the
nonlinear operator N. Moreover, value of h is chosen as
h ¼ 1.
Example 4 The following eighth order linear boundary
value problem is considered as
Table 7 Comparison of
absolute errors for Example 5
x Exact solution Approximate solution Present method Viswanadham and Ballem [31]
0.1 0.904837 0.904837 6:916689 1014 6:735325 106
0.2 0.818731 0.818731 1:122769 1012 4:410744 106
0.3 0.740818 0.740818 3:966605 1012 3:629923 105
0.4 0.670320 0.670320 6:939005 1012 4:839897 105
0.5 0.606531 0.606531 7:532863 1012 4:929304 105
0.6 0.548812 0.548812 5:340395 1012 3:945827 105
0.7 0.496585 0.496585 2:327194 1012 9:834766 106
0.8 0.449329 0.449329 4:971024 1013 1:996756 106
0.9 0.406570 0.406570 2:053913 1015 5:066395 106
Fig. 3 Comparison of exact solution (solid line) and approximate
solution (dashed line) for Example 2
Fig. 4 Absolute errors for Example 2
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yð8ÞðxÞ þ xyðxÞ þ exð48þ 15xþ 2x3Þ ¼ 0; x 2 ½0; 1;
yð0Þ ¼ 0; yð1Þ ¼ 0;
y0ð0Þ ¼ 1; y0ð1Þ ¼ e;
y00ð0Þ ¼ 0; y00ð1Þ ¼ 4e;





The analytic solution of this differential system is
yðxÞ ¼ xð1 xÞex:
The initial approximation is calculated according to the
standard HAM, as










x6ð68þ 25eÞ þ 1
2
x7ð19 7eÞ:
Using the improved adaptation proposed in the present
paper, the third order approximation to the exact solution is
Fig. 5 Comparison of exact solution (solid line) and approximate
solution (dashed line) for Example 3
Fig. 6 Absolute errors for Example 3
Fig. 7 Comparison of exact solution (solid line) and approximate
solution (dashed line) for Example 4
Fig. 8 Absolute errors for Example 4
Fig. 9 Comparison of exact solution (solid line) and approximate
solution (dashed line) for Example 5
Fig. 10 Absolute errors for Example 5
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calculated. The approximate solution values and the cor-
responding absolute errors are shown in Table 5.
The auxiliary function H(x) is taken as HðxÞ ¼ 1. The
linear operator is chosen to be the homogeneous part of the
nonlinear operator N and the value of h is chosen as
h ¼ 1. Table 6 shows the comparison of the maximum
absolute error using proposed method with that obtained by
Inc and Evans [22].
Example 5 The following tenth order nonlinear boundary
value problem is considered as
yð10ÞðxÞ þ exy2 ¼ ex þ e3x; x 2 ½0; 1;
yð0Þ ¼ 1; yð1Þ ¼ 1
e
;
y0ð0Þ ¼ 1; y0ð1Þ ¼  1
e
;
y00ð0Þ ¼ 1; y00ð1Þ ¼ 1
e
;
y000ð0Þ ¼ 1; y000ð1Þ ¼  1
e
;







The analytic solution of this differential system is
yðxÞ ¼ ex:
The initial approximation is calculated according to the
standard HAM as

























Using the improved adaptation proposed in the present
paper, the third order approximation to the exact solution is
calculated.
The auxiliary function H(x) is taken as HðxÞ ¼ 1. The
linear operator is chosen to be the homogeneous part of the
nonlinear operator N and the value of h is chosen as
h ¼ 0:2. Table 7 shows the approximate solution values
and the comparison of the absolute errors using the pro-
posed method with those obtained by Viswanadham and
Ballem [31].
Figures 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10 show the com-
parison of the approximate solutions to the exact solutions
and the variation of the absolute errors over the interval of
domain for Examples 1–5.
Conclusion
In this paper, an improved adaptation of the well-known
homotopy analysis method is proposed for approximate
solutions of the strongly nonlinear differential equations.
The method has three major advantages over the tradi-
tional homotopy analysis method. First, it involves fewer
terms in each iteration. Second, the integrals involved on
each iteration step are easier to manipulate. At last, it
obliterates the need for extra calculations which is the
main advantage over the adaptation of homotopy analysis
method proposed by Odibat and Bataineh [13]. The
method is illustrated with the help of different numerical
examples and the results are summarized in Tables 1, 2,
3, 4, 5, 6 and 7. Tables 3, 6 and 7 show the comparison
of absolute errors using the proposed method with those
obtained by other methods. The comparison of the results
shows that the present method is an effective tool for
determining the solutions of different linear and nonlinear
problems.
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